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Nambu Dynamics, Deformation Quantization, and 
Superintegrability 

Thomas L Curtright and Cosmas K Zachos 


This paper is dedicated to Milton Hendrix (1930-2000). 


Abstract. Phase space is a framework ideally suited for quantizing superin- 
tegrable systems through the use of deformation methods, as illustrated here 
by applications to de Sitter and chiral particles. Within this framework, 
Nambu brackets elegantly incorporate the additional quantum invariants of 
such models. New results are presented for the non-Abelian quantization of 
these brackets. 


1. Introduction^ 

For systems with velocity-dependent potentials, when quantization of the clas¬ 
sical system presents operator ordering ambiguities involving x and p, the general 
consensus has long been [D m isi n m to select those orderings in the quantum 
Hamiltonian which maximally preserve the symmetries present in the correspond¬ 
ing classical Hamiltonian. However, even for simple systems such constructions 
may become involved and quite technical. 

Recently it was emphasized fMIsol that in contrast to conventional operator 
quantization, the problem of selecting the quantum Hamiltonian which maximally 
preserves integrability is addressed very directly in Moyal’s phase-space quantiza¬ 
tion formulation ISlITlIll. Basically, the reason for this is that the kernels involved 
(“kernel functions” or “Weyl transforms of operators”) are c-number functions and 
have an interpretation analogous to that of the classical phase-space theory, al¬ 
though in general they involve ?i-corrections (“deformations”). This stand-alone 
formulation of quantum mechanics is based on the Wigner Function (WF), a quasi¬ 
probability distribution function in phase-space which comprises the kernel function 
of the density matrix. Observables and transition amplitudes are phase-space inte¬ 
grals of kernel functions weighted by the WF, in analogy to statistical mechanics. 
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There is no free lunch, however. Kernel functions compose through the *- 
product, a noncommutative, associative, pseudodifferential operation, which en¬ 
codes the entire quantum mechanical action and whose antisymmetrization (com¬ 
mutator) is the Moyal Bracket (MB) dElIl]. Any arbitrary operator ordering 
can be brought to Weyl-ordering format, by use of Heisenberg commutations, and 
through Weyl’s transform corresponds invertibly to a specific S-deformation of the 
classical kernel nmn]. Thus, two operators of different orderings correspond to 
kernel functions differing in their deformation terms of 0{h), and the problem of 
selecting the correct ordering reduces to a purely ^-product algebraic one. 

Previously, Hietarinta |11| has investigated in this phase-space quantization 
language the simplest integrable systems of velocity-dependent potentials. In 
each system, he has promoted the vanishing of the Poisson Bracket (PB) of the 
(one) classical invariant I (conserved integral) with the Hamiltonian, {H,I} = 0, 
to the vanishing of its (quantum) Moyal Bracket (MB) with the Hamiltonian, 
{Hgm, Iqm.}MB = 0. This dictates quantum corrections, addressed perturbatively 
in h: he has found corrections to the Is and H (H), needed for quantum 

symmetry. The expressions found are quite simple, as the systems chosen are such 
that the polynomial character of the ps, or suitable balanced combinations of ps 
and gs, ensure collapse or subleading termination of the MBs. The specification 
of the symmetric Hamiltonian then is complete, since the quantum Hamiltonian in 
terms of classical phase-space variables corresponds uniquely to the Weyl-ordered 
expression for these variables in operator language. Berry m has also studied 
the WFs of integrable systems. 

In this contribution we shall review the work in [291130] and make some exten¬ 
sions of it. We shall discuss nonlinear cr-models to argue for the general principles 
of power and convenience in isometry-preserving quantization in phase space, par¬ 
ticularly for superintegrable situations [J. Briefly, we find that the symmetry 
generator invariants are undeformed by quantization, but the Casimir invariants of 
their MB algebras are deformed. Hence the Hamiltonians are also deformed by 
terms 0{h^), as they consist of quadratic Casimir invariants, but nonetheless their 
energy spectra can be read off through the usual group theoretic techniques once 
these are properly adapted to phase space. The basic principles are illustrated 
for the two-sphere, in Section 2, and then applied to larger classes of symmetric 
manifolds such as Wspheres, in Section 3, and chiral models, in Section 4. 

Finally, in Section 5, the evolution of such systems is formulated in phase-space 
through the use of Nambu Brackets (NBs) |13l II7L 1181119| . The quantization 
of Nambu’s approach is discussed in detail and compared to the standard Moyal 
deformation quantization. This last section is the most original part of the pa¬ 
per, and in it we present several new results involving Quantum Nambu Brackets 
(QNBs). An Appendix indicates how the QNB results can also be expressed in 
the more traditional language of operators acting on Hilbert space. 

2. Basic principles and the 2-sphere 

A Hamiltonian system with N degrees of freedom is integrable if it has N 
invariants in involution (globally defined and independent), and superintegrable [J 
if it has additional conservation laws up to a maximum 2N — 1 invariants. For 
example, consider a particle constrained to the surface of a unit radius two-sphere 
5^, but otherwise moving freely. Thus N = 2 and 2N — 1 = 3. Three independent 
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invariants of this maximally superintegrable system are the angular momenta about 
the center of the sphere: 

Lx 5 Ly , . 

Actually, no two of these are in involution, but this is quickly remedied, and more¬ 
over it isn’t much of a hindrance as we shall see below in the Nambu approach to 
mechanics, an approach that places all invariants on a more equal footing. 

To be more explicit, we may coordinate the upper and lower (±) hemispheres 
by projecting the particle’s location onto the equatorial disk, {{x,y) \ <l}. 

The invariants are then 

Lz = xpy - ypx , 

Ly = ±\/l - ^ 

Lx = tVI - a:2 - 2/2 . 

The last two are the de Sitter momenta, or nonlinearly realized axial charges, 
corresponding to the x, y “pions” of this truncated cr-model. 

The Poisson Brackets (PBs) of these expressions close into the expected so(3). 

{Lx^ Ly^pB — Lz , i^Lyj Lz}pb — Lx , \Lzj Lx}pb — Ly . 

The usual Hamiltonian of the free particle system is the Casimir invariant. 

iZ = — (Z/g-Z/a; -j- LyLy L z L z) ■ 

Thus, it immediately follows algebraically that PBs of H with the L vanish, and 
time-invariance holds. 

^L = {L,iZ}pB = 0. 

So any one of the Ls and this Casimir constitute a pair of invariants in involution. 

In quantizing this system using operators some simple ordering issues arise 
because the system has an effective momentum-dependent potential. 

H = x‘^)pI + ]^{1- y^) pI - xypxPy ■ 

But in the deformation quantization of phase-space one may just insert Groe- 
newold’s m non-commutative but associative *-products^, defined as 

* = expy(5„5p^ -dp^dx + dydp^ - dp^dy) , 

at strategic points in the above classical expressions and achieve full quantum in- 
tegrability. That is, the classical Poisson bracket statements, 

{Z, ZZ}pB = 0 (for invariants) , 
may be promoted to quantum Moyal bracket statements, 

{.Igm; Llqjyi^MB = (^Iqm ^ Llqjn ZZg^ A Iqjn') — 0 (for invariants) , 

with simple choices for Iqm and Hqm ■ As —> 0, the MB reduces to the PB. 
More importantly, the MB provides the unique route around the Groenewold-van 
Hove theorem^. The * product is the unique (up to equivalence) one-parameter 

general discussion of star products on curved spaces may be found in 1261 and 1271 . 
^Groenewold introduced the ^-product to evade his “no-go” theorem in the same 1946 paper 
wherein he proved it, thereby immediately reducing the theorem to a mere appurtenance. 
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associative deformation of ordinary products, and the MB is the corresponding 
deformation of the PB. 

Maximally symmetric phase-space quantization is achieved here by a Hamil¬ 
tonian of the form 


H, 


qm — 2 * L/x -f L/y 'k Ly k Lz) • 


The reason is that, in this realization, there are no 0{h) corrections to the individual 
Ls. These particular invariants are undeformed by quantization. 


L = L 


qm • 


The algebra of the Ls is then promoted to the corresponding MB expression without 
any modification, since all “L with L” MBs collapse to PBs by the linearity in mo¬ 
menta of the arguments. Consequently, given associativity for *, the corresponding 
quantum quadratic Casimir invariant L • aL has vanishing MBs with L, and au¬ 
tomatically generates a symmetry-preserving time-evolution. The ^-product in 
this Hamiltonian trivially evaluates to expose a quantum correction to the classical 
phase-space energy: 


Hq^=H 




l-x^ -y^ 


3). 


Thus we have 

{L, Hqm\ MB — 0 {L,Pf}MR ■ 

Also note there will be quantum corrections to the classical equations of motion for 
(Px.Py), but not {x,y). 

In phase-space quantization ISII3IH1, the Wigner function (WF) f {x,Px,y,Py), 
the Weyl kernel function of the density operator, evolves according to Moyal’s 
equation |^. 

f"\MB • 

In addition to it, the WFs for pure stationary states also satisfy Fairlie’s 
genvalue” equations i^rfi specifying the spectrum. 


Hq^{x,p)k f{x,p) = f{x,p)kHqm{x,p) = 

/ ^ t \ 

Hqni[x + —dp , p - —dx \ f{x,p) = E f{x,p) . 

Eigenvalue problems of this type also occur in spectral theory for (special) Jordan 
algebras, a point to be re-emphasized below. 

The spectrum of this Hamiltonian, then, is proportional to the + 1) spec¬ 
trum of the so(3) Casimir invariant L • *L = k L_ L^k — hLz, for integer 
I m This can be proved algebraically by the identical standard recursive ladder 
operations in quantum phase-space which are used in the operator formalism Fock 
space, 

Lz L-\- — -^+ ^ ~ , 

where L± = =b iLy. From the real 'k-square theorem | 22 |. it follows that 


(L • “iArL L^. -^z) — Ly kc Ly'j ^ 0 . 

The *-genvalues of Lz, m, are thus bounded, |m| < / < a/(L • *L)//i, necessitating 
L- k fm=-i = 0. Hence 


L+ k L- k f-i _ 0 — (L • *L — Lz k Lz + hLz) * f-i , 
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and consequently (L -aL) = h^l{l + 1). Similar *-ladder arguments and inequalities 
apply directly in phase space to all Lie algebras. 

Classical Hamiltonians are scalars under canonical transformations, but it should 
not be assumed that the quantum mechanical expression above is a canonical scalar 
m For canonical transformations in phase-space quantization see The *- 
product and WFs are also not invariant under canonical transformations, in general, 
but transform in a suitable quantum covariant way |3, so as to yield an identical 
MB algebra and *-genvalue equations, and thus spectrum, following from the iden¬ 
tical group theoretical construction. 


3. Quantum N-sphere 

For the generic sphere models, , the maximally symmetric Hamiltonians are 
the quadratic Casimir invariants of so{N -1-1), 

H = —PaPa + -^LahLab > 

where again in terms of equatorial plane coordinates 

Lab = q'^Pb - q^Pa , Pa = \/l “ 9^ Pa , 

for a = 1, • • • , iV, q^ = 9“?“ • These are the usual angular and de Sitter 

momenta of so{N +1)/so{N). All of these N{N + l)/2 sphere transformations are 
symmetries of the classical Hamiltonian. (There are more of them than the 2N — 1 
allowed independent invariants on the phase-space, if fV > 2. We will explain how 
to select 2N — 1 independent invariants later, when we discuss Nambu brackets.) 

Quantization proceeds as in 5'^, maintaining conservation of all Pa and Lab, 

Hqm — 2 ^ ^ Lab , 

and hence the quantum correction is 

The spectra are proportional to the Casimir eigenvalues l(l + N — 1) for integer I 
m (For N = 3, this form is reconciled with the Casimir expression in the next 
section as I = 2j, and agrees with nil El). 

Can the above quantum Hamiltonian be expressed geometrically through the 
use of tangent-space methods? The classical description is indeed simple upon 
utilization of Vielbeine. 

= + 9“' = - 9V , - 

For the generic sphere models, , standard choices for the Vielbeine are 


v: = Saa - 


q q 


i± 




= Sa^ - 


q q 


(l ± v'l - 9^) . 


The classical Hamiltonian equals 

H ^liPaVmV^^Pb) , 
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but the quantum Hamiltonian is not equal to the obvious guess 

Hother = liPaVn * (V’^^Pb) ^ H,m ■ 

Although we will see below how this simple form does apply in chiral models, 
particularly for the case, through a different choice of Dreibeine. 

The MBs of cotangent bundle currents, for a general manifold, do not close 
among the Vielbein-currents, but instead, 

= {V^^dbV<^^ - Pa , 

where for the A^-sphere 

^a[ij] ^ ^ ^ w = {1 - ^I - q^) /, 

choosing the — sign in the definition of the Vielbeine so = 5aj — q°‘q^w. It 
follows that 

i?,™ - Hather = [N - 1) {I - 2w - N) . 

Hother corresponds to a different operator ordering in the conventional Hilbert space 
formulation, and has less symmetry than Hq^a- Hother conserves the rotations Lab 
(i.e. it is symmetric under the SO{N) stability subgroup for S^). However, it 
does not conserve the Vielbein-currents on the N-sphere, nor does it conserve the de 
Sitter momenta. This last statement follows from the above difference Hqm — Hother 
dictating, 

{Hother, Pc}mB = {Hother “ Hqm,Pc} mB ~ q^ {.N — 1) ^ ^ ^ 0 . 

Nevertheless, it can be shown that a *-similarity transformation compensates 
for the difference in these Hamiltonians. Consider 

(TV - 1) In w, 

and the complex conjugate transformation 

W^-^irPaV^^irW-^-^ = ^ Pa + \ih{N - da\nW. 

Associativity of the *-product then allows the maximally symmetric real Hamilton¬ 
ian to be written as 

Hqm = ^ * [w^Pb) ■ 

Using homogeneous coordinates on the sphere, ic = 1/ (1 -I- cosd), where 9 is the 
polar angle. 


4. Chiral Models 


The treatment of the 3-sphere also accords to the standard chiral model 
technology using left- and right-invariant Vielbeine. Specifically, the two choices 
for such Dreibeine for the 3-sphere are [23| : q^ = 

{±)Vi = ^iabqb ^ ^ (±)y- ^ ^^ab^b ^ . 


The corresponding right and left conserved charges (left- and right-invariant, re¬ 
spectively) then are 


TV = 



Pa , 



Pa ■ 


{+)yai 


{-)yai 
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More intuitive than those for are the linear combinations into Axial and Isospin 
charges (again linear in the momenta), 

= v^r^p = A, i(7^ + /:) = qxp = I. 

It can easily be seen that the Cs and the TZs have PBs closing into standard su{2) 0 
su(2), ie, su{2) relations within each set, and vanishing between the two sets. Thus 
they are seen to be constant, since the Hamiltonian (and also the Lagrangian) can, 
in fact, be written in terms of either quadratic Casimir invariant. 

H = \C-C = \TZ-n . 

Quantization consistent with integrability thus proceeds as above for the 2- 
sphere, since the MB algebra collapses to PBs again, and so the quantum invariants 
£ and TZ again coincide with the classical ones, without deformation (quantum 
corrections). The *-product is now the obvious generalization to 6-dimensional 
phase-space. The eigenvalues of the relevant Casimir invariant are now j(j + 1), for 
half-integer j. However, for this chiral model the symmetric quantum Hamiltonian 
is simpler, geometrically, than that of the previous N-sphere, since it can also be 
written as 

H,m = i(£aC“) * (V^^pb) = i + ^daV^^dbV^^^^ = i£ • *£ = . 

No x-similarity transformations are needed for chiral models, unlike the general 
N-sphere. The Dreibeine throughout this formula can be either or “HJ, 

corresponding to either the right- or the left-acting quadratic Casimir invariant. 
The quantum correction then amounts to 

This expression again is not canonically invariant. Eg, in gnomonic PRn coordi¬ 
nates^, it is — 1), ie, it has not transformed as a canonical scalar [3 I29| . 

Note, however, that either of these quantum corrections are > — on the mani¬ 
fold. 

In general, the above discussion also applies to all chiral models, with the alge¬ 
bra for a chiral group G replacing su(2) above. Ie, the Vielbein-momenta combina¬ 
tions V^^pa represent algebra generator invariants, whose quadratic Casimir group 
invariants yield the respective Hamiltonians, and whence the properly *-ordered 
quantum Hamiltonians as above. 

That is to say, for m group matrices U generated by exponentiated constant 
group algebra matrices T weighted by functions of the particle coordinates q, we 
have 

iU-^jU= , ^UJU-^= , 

It follows that PBs of left- and right-invariant charges, 

close to the identical Lie algebras, 

{(±)VajpJ±)vb>^p,}pB = -2P^^ , 


^The inverse gnomonic Vielbein is polynomial, QiQ°- + . See |^. 
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and PB commute with each other, 

{ v^^pb]pB = o. 

These two statements are implicit in |24| as well as throughout the literature, and 
are fully explicated in m 

MBs collapse to PBs by linearity in momenta as before, and the Hamiltonian 
is again the simple form 

The spectra are given by the Casimir eigenvalues for the relevant algebras and 
representations. The quantum correction is now found to be 

Hqm ~ ^ ~ ~ fijkfijk) , 

(reducing to the previous result for S^). In operator language, this Hamiltonian 
amounts to an obvious Weyl-ordering of all products |29| . 


5. Nambu Dynamics 

All the models considered above have extra invariants beyond the number of 
conserved quantities in involution (mutually commuting) required for integrability 
in the Liouville sense. The most systematic way of accounting for such additional 
invariants, and placing them all on a more equal footing, even when they do not 
all simultaneously commute, is the Nambu bracket formalism. 


5.1. Classical Nambu Mechanics. For example, the classical mechanics 
of a particle on an N-sphere as discussed above may be summarized elegantly 
through Nambu mechanics in phase space |13L I18| . Specifically, |17L I19| . in an 
N-dimensional space, and thus 2N-dimensional phase space, motion is confined on 
the constant surfaces specified by the algebraically independent integrals of the mo¬ 
tion (eg, Lj;,Ly,Lz for 5^ above.) Therefore, the phase-space velocity v = (q, p) 
is always perpendicular to the 2N-dimensional phase-space gradients V = {dq, dp) 
of all these integrals of the motion. 

As a consequence, if there are 2N — 1 algebraically independent such integrals 
(ie, the system is maximally superintegrable [2), the phase-space velocity must be 
proportional m to the cross-product of all those gradients, and hence the motion 
is fully specified for any phase-space function fc(q, p) by a phase-space Jacobian 
which amounts to the Nambu Bracket. 


dk 

dt 




,I 2 N-i}nb = V • Vfc 




d{k, /i, • • ■ , • • • , I2N-1) 
d{qi,pi,q2,P2, - ■ ■ ,qN,PN) ' 


For instance, consider the above S'^ case to find the concise result 


dk d{kjljj;^ljy^lj^) 

dt d{x,p^,y,py) 
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For the more general , one now has a choice of 2N — 1 of the N{N + l)/2 
invariants of so{N + 1). One of several possible expressions is 


dk 

dt 


(- 1 ) 


N-1 


d (fc, Pi, Li2, P 2 , p23) ^3) • • • ) Pn-1,Ln-1 n, Pn) 


P 2 P 


'2-03 ■ • • Pn-1 


d{xi,pi,X2,P2,- ■ ■ ,xn,Pn) 

where Pa = \/l - Pa, for a = I,-- - and La,a+i = q°‘Pa+i - for 

a = 1, • • • , — 1. In general mi, classical NBs are Jacobian determinants and 
possess all antisymmetries of such. As they are linear in all derivatives, they also 
obey the Leibniz rule of partial differentiation. 

dk dk 

{fc(L, M), /i, /2, • • • IwB = ■^1’ ^2) • • • }nb + /ij /2, • • • }nb ■ 

Thus, an entry in the NB algebraically dependent on the rest leads to a vanish¬ 
ing bracket. For example, it is seen directly from above that the Hamiltonian is 
constant, 


dH 

dt 


L L 


= 0 , 


NB 


since each term of this NB vanishes. This also applies to all explicit examples 
discussed here, as they are all maximally superintegrable. 

The impossibility to antisymmetrize more than 2N indices in 2iV-dimensional 
phase space. 


^ab--- .c[i^jij2---j2N] _Q 


, slightly generalized here. For 


leads to the so-called “fundamental identity” 
any /i, gj, and V, 

{y{9lN-- ,g2Ar-l,/ iIaB,/2, • ■ • ,/2a}aB 
+ {/l> ^{5l) • • • ,92N-1, f2}NB, ■ ■ ,f2N}NB 
+ ■ • ■ + {/ij • ■ • : / 2 N- 1 , • • • ,g2Af-i, /2 n}ns}ab 

= {gii ■ ■ • jfl2Af-l, I^{/l, /2, • • ■ , f2N}NB}NB ■ 

The proportionality factor V in 




, I2N-i}nB 


has to be a time-invariant m if it has no explicit time dependence. This is seen 
from consistency of 




, /2Af}AfB) = I^{/l, • • • ) /2Ar}AfB + I^{/l) ' ’ ' > /2Ar}ArB + ' ' -PV {/l, • • • , /2Af}AfB 


,I2N-i}nb}nb , 


where V = etc. This yields 

y{y{flN ■ ■ ) /2Af}AfB, h, - ■ ■ ) -f2Af-l}AfB = ’ ) /2Ar}AfB 

-|-y{y{/l, Jl, • ■ • ,I 2 N-i}nBN • ■ ,f 2 N}NB-\ - ,y{f 2 N,IlN 

and, by virtue of the FI, ^ = 0 follows [29| . 

Actually, PBs result from a maximal reduction of NBs, by inserting 2N — 2 
phase-space coordinates and summing over them, thereby taking symplectic traces^ 

{p’’ J Pil O'') 1 PiN-l } JVB ’ 


{L, M} pg — 
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where summation over all TV — 1 pairs of repeated indices is understood. Fewer 
traces lead to relations between NBs of maximal rank, 27V, and those of lesser 
rank, 2k, 


{L 


1 ) ■ 


) L2k}jqB ~ 


{N -k)\ 


{Z/i,--- , L2k,Xij^,Pij^, ■ 




/-fc } 


NB 


(which is one way to define the lower rank NBs for k ^ 1), or between two lesser 
rank NBs. A complete theory of these relations has not been developed; but, 
naively, {Li,--- ,A 2 fc}jvB acts like a Dirac Bracket (DB) up to a normalization, 
{Li, L 2 }db, where the fixed additional entries L 3 , • • • , L 2 k in the NB play the role 
of the constraints in the DB. (In effect, this has been previously observed, e.g., 
[mirq. for the extreme case N = k, without symplectic traces.) 

By applying this symplectic trace to a general system—not only a superinte- 
grable one—Hamilton’s equations admit an NB expression different than Nambu’s 
original one, namely 


Hk 1 


j Pil ) 


f-i iKat-i Ins • 


5.2. Quantum Nambu Mechanics. Despite considerable interest in the 
problem for nearly 30 years, the quantization of the Nambu formalism was not 
completely settled until recently. We believe a transparent, user-friendly technique 
is now at hand (see 122113). The problem of quantizing Nambu brackets might 
be solved by the Abelian deformation method m. but this is not yet clear. 

Remarkably, however, the quantization is completely solved by Nambu’s orig¬ 
inal method, when consistently applied to the phase-space formalism. Define 
quantum Nambu brackets (QNBs) 

[Ai, A 2 , • • • , Afc]* = ^ (-l)’"^^^ Apj * Ap 2 * ■ ■ • * . 

all k\ perms ^Pk} 

of the indices ,/c} 

Use these anti-symmetrized ^-products in the quantum theory instead of the previ¬ 
ous jacobians. This approach grants in an obvious way only one of three mathemat¬ 
ical desiderata: full antisymmetry. With these dehnitions, the Leibniz property 
and the Fundamental Identity are not manifestly satisfied. But to some extent, 
the apparent loss of the latter two properties is a subjective shortcoming, and de¬ 
pendent on the specihc application context. 

Even order QNBs may always be resolved into sums of products of commuta¬ 
tors: [A,B]^ = A-k B — B -k A. For instance, 

[A, B, C, Dl = [A, Bl * [C, Dl - [A, C], * [B, Dl - [A, D], * [C, Bl 
+ [C, Dl k [A, Bl - [B, Dl k [A, C], - [C, Bl k [A, Dl . 

Let us use this fact and re-consider the S'^ example. The result is a combinatoric 
identity relating 4 brackets to commutators. 

[A, Lj;, Ly, = ih [A, Lj. k -t- Ly k Ly -t- k , 

as follows from the su (2) MB algebra and the commutator resolution of the 4- 
bracket. Therefore in this case the Leibniz properties (and the particular FIs 
corresponding to them) are satisfied, leading to an effective fundamental identity 
(EFI). Explicitly, 

[A k B, Lx, Ly, Ll^ — Ak \B, Lx, Ly, L^l -t- [A, Lx, Ly, Ll^ k B . 
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As a consequence, time evolution of any WF for is given by the QNB expression: 

In particular, this approach is in agreement with the ^-product quantization of the 
equations of motion. 


dx 

dt 


-1 


{x^ Lx: Ay, Lz 


dpx 

= 7 ^ ba:, Lx, Ly, Lz\^ , 


-1 


where the second of these does indeed incorporate the previously given quantum 
correction. 

How does the use of 4-brackets extend to other examples? Any Lie algebra 
will allow a commutator with a quadratic Casimir to be rewritten as a sum of 
4-brackets. Suppose 

[Qa, — i^fabcQc , 

in a basis where fabc is totally antisymmetric (this particular choice of basis is 
helpful, but not crucial). Then for a sum (over all repeated indices) of quantum 
Nambu 4-brackets we have 


fabc [A, Qa, Qb, — [Aj fabc Qb, ■ 

Only a commutator with the trilinear invariant survives. Moreover, this trilinear 
invariant reduces to the quadratic Casimir. 

fabc Qb, — ^fabcQa ^ — ^^^fabcfbcdQa ^ Qd ■ 

For simple Lie algebras (with appropriately normalized charges) we have 

fabcfbcd — Cadjoint dad , 

where Cadjoint is a number. For example, Cadjoint = N for su (N). 

So we obtain the Casimir Qa * Qa 

fabc [Qaj Qb,Qc].i. — 3^A Cadjoint Q a Qa 5 

and we conclude that 


fabc Qa, Qb, Qc].,^ — 31/1 Cadjoint [A, A . 

As a corollary, we again have the effective 4-bracket fundamental identity (EFI) 


fabc [Qa, Qb, Qc, [A, B, - • ■ , 

= fabc [[Qa, Qb, Qc, A]^ , B, - ■ ■ , D\^ -\- fabc [A, [Qa, Qb, Qc, B]^, ‘ , D]^ + • • • 

+ fabc [A, H, • • • , [Qa, Qb, Qc, -D]*]* • 

By using this result, all the models above can be quantized through the use of 
QNBs to describe the time evolution of their WFs. 

More than three invariants may also be incorporated into a QNB. Only a 
careful and complete physical interpretation of the result is needed in the general 
case. For example, for with N > 2 a full set of 2N — 1 invariants leads from 
the previously given classical Jacobian to a QNB: 

d{f,Pl,Li2,P2,---,PN-l,LN-lN,PN) , 1^N-l n „ df 

a(xi,pi,X 2 ,P 2 ,-■ ■ ,xn,Pn) dt 

= (-ir^|(A.-AW), 
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becomes, for ^ 0, 


, -^12: -P2, • • ■ , Pn-i,Lm-i n, -Pat]* 

(m) N 


quantum-connection terms . 


The invariants appearing in the totally symmetric generalization of the Jordan 
product |14L I28| . 

{^1, ^2, • ■ ■ , ^fc}* = ^ ^ * ^P 2 * ■ ■ ■ * -^Pk > 

all fc! perms {pi,p2r" ^Pk} 
of the indices ,fe} 

on the above RHS, 

|P2, P3, • • • , Pn-1, = I {P2. P 3 .---, PN-lJh , 

will have the effect to set, through their net (but not simultaneous, individual) 
eigenvalues, a variable, dynamical time scale for evolution of the various eigen- 
WFs. 

In addition, the “quantum-connection terms” represent higher order correc¬ 
tions, in powers of h, corresponding to group rotations of / that will be described 
fully elsewhere. For example, if / is the bilinear 

fab = {La + Pa) * {Lb — Pb) ■ 

then dfab/dt = 0 for a particle moving freely on the surface of the 3-sphere, but the 
corresponding group rotation is not zero. Hence the six bracket reduces entirely 
to these quantum connection terms. Explicitly we find 

[fab^ Pxt Lz^ Pyi Lx-, — AiH ^ ( {^b2cfac ^a2cfcb) • 

c 

Note that the rotation on the RHS here is a quantum effect, and vanishes in the 
classical limit as given by 

lim [fab, Px, Lz, Py, Lx, Pz]^ /h? = Q . 

We believe such a complete physical interpretation explains the perceived failure 
of the Leibniz rules and FI in the general situation, in a transparent way, and 
is the only additional ingredient required for a successful non-Abelian quantum 
implementation of the most general Nambu brackets. A priori, this approach 
could conceivably be equivalent to the Abelian deformation approach HU, but no 
one has shown this. 

These points are worth re-emphasizing for the 3-sphere expressed in the chi¬ 
ral language. Again, let us use Ci and TZi (j = 1,2,3 ^ x,y,z) for the mutually 
commuting su ( 2 ) charges. 

[A, A']* = iLsijkCk , [R-i, Tlj]^ = iheijkP-k , [A, R-j]^ = 0 . 

Define the usual quadratic Casimirs for the left and right su (2)’s: 

Ic = Ci-k Ci , I'll = R-i*R-i ■ 
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We find the simple result: 

[/, F [Ic, In) , n.. ny, Cyl = (ift)" {[/, F {Ic, In)l, 

= {tn)^[{f,C,,Tl,},,F{Ic,In)l , 

where F{Ic,In) is any ^-function of the left and right Casimirs. Physically, 
this Nambu bracket is simply time evolution generated by the Hamiltonian H = 
F (Icjln) with the Jordan-like eigenvalues cr, of 

{f,C,,TZ,}, = af , 

setting the time scales for the various sectors of the theory: i.e. dynamical time 
scales. In particular this is true for the choices F {Ic, In) = Ic or F {Ic, In) = In, 
choices relevant for the particle on the 3-sphere. 

A complete set of solutions consists of all WFs of the form f\ip^,\ 2 P 2 where 

•^Z * /AiPj,A2P2 “ •^i/-^1PiA2P2 > /AiPi,A2P2 * “ '^2/AiPj,A2P2 : 

^Z * /AiPi,A2P2 Pi/AiPi,A2P2 ’ /AiPi ,A2P2 * P2/AiPi,A2P2 • 

Hence {f,£z,7Zz}^ = ai 2 f with 

CTi2 = IXiPi + •^1^2 + Pl^2 + 2 A 2 P 2 ) 


since 


{/) £z,IIz}^ — {£.z,IIz}^ -k f F Czk f -k TZz -b Fz k f k Cz + f * {£z,Fz}^ ■ 

So the time scale is indeed dynamical, and given by cti 2 . 

The simple Leibniz rule for generic / and g, that would equate 

[f *g,F{Ic,In) ,Fz;,Fy,C 2 ;,Cy]^ aud 

/ * [g,F {Ic,In) ,Fx,Fy,Cx,Cy\^ F [/, F (I^, Jt^) ,Kx,Fy,Cx,Cy\^k g , 
will fail for products /aipi,A 2 P 2 *ffA 2 P 2 .A 3 P 3 unless 


cri2 — cr23 — cri3 . 


There is no quantum-connection term in this particular case due to our choice 
for the invariants in the bracket [/, F {Ic,In) , Fx, Fy, Cx, £y\^- The more general 
situation is revealed by a different choice as follows: 

[/, Cx, Cy, Cz, Fx,Fyl = I {ih)^ [{/, Fz}, , Icl^ (ih)^ ^ [ [[/, A]* , A], , 7^, ] ^ , 

i 

or equivalently 

[/, Fx,Fy,Fz,Cx, Cy]^ = I {iKf [{/, Cz}, , In],^ {ihf Y. [ [[/> • 


These are the exact results for these QNBs. The first terms (single commutators) on 
the RHS’s are inherently O , and encode the expected time evolution for Nambu 
quantum dynamics, while the second terms (triple commutators) are O (li®). One 
is tempted to interpret these extra terms as some type of covariant completion for 
this particular example of Nambu time evolution, with “quantum connections” as 
the given higher order effects in h. 

As a test case, again take / to be a bilinear fat = CakFb of specific left and 
right charges. Since * commutators are indeed k derivations, all k functions of 
the six possible Ca and Fb charges commute with the Casimirs, so the first terms 
on the RHS’s of the last two equations vanish for / = fat (i.e. fab for a particle 
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moving freely on the surface of a 3-sphere has no time derivatives). However, the 
second terms on the RHS’s do not vanish for / = fab but are just rotations of the 
Ca and TZb charges about the z axis. 

^ [ [[fab, A]*, A], = ■ 

i c 

[ [[fab, ^ = 2*^^ Y ^“3c/cb • 

i c=l,2,3 

For this particular example, then, the total effects of the chosen invariants in the 
6 -brackets are 

[fah, t^x, C-y, C.z,R'X,R-y\^, = -ifl’ T ^bScfac ; 

c 

[fab,R-x,R-y,R-z,Cx,Ly]^ = -ih^Y^^^^cfcb ■ 

c 

It remains to link up the QNB approach with the * eigenvalue equation for 
static WFs, as needed to develop the spectral theory in such a formalism. This 
must be described in detail elsewhere. However an essential point is contained in 
the previous formulas. A complete spectral theory in the NB framework requires 
solving totally symmetrized bracket eigenvalue equations, of the form 

A/ = { 7 i,/ 2 ,-- - , 4 ,/K , 

for the allowed net eigenvalues A, where in general [Ii,Ij]^ fz 0 . These net eigen¬ 
value equations set the different time scales under NB evolution as expressed above. 
They are natural generalizations of the anticommutator eigenvalue equations en¬ 
countered in the standard spectral theory of (special) Jordan algebras [m HU. 
Nevertheless, we have not found a complete discussion of such equations in the 
literature. 
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Appendix: Nambu quantum mechanics of the isotropic oscillator 

The analysis above can also be carried out using conventional Hilbert space 
operator techniques. Rather than repeat our previous discussion, we take another 
example to illustrate operator methods. (For a thorough discussion of the ideas 
in this Appendix, see m This later paper contains a more complete list of 
references.) 

Consider the n dimensional oscillator using the standard lowering/raising op¬ 
erator basis that gives the commutator algebra 

[ 0 . 2 , 6 ^] — tiSij , — 0 — . 

Construct the usual bilinear charges that realize the u (n) algebra 
^ij = biCij , [Aij, A/,;/] = H[Nil6jk • 
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Then the isotropic Hamiltonian is 

H = uj ^Ni + 2 ^ ’ ’ 

which gives the conservation laws [H,Nij] = 0. Now when we consider the 
isotropic oscillator dynamics using quantum Nambu brackets (QNBs) we obtain 
the main result for oscillator 2n-brackets in the form of a theorem. 

Isotropic Oscillator Theorem (reductio ad dimidium): Let N = iVi + 
N 2 + ■ ■ ■ + Nn and intercalate the n — 1 non-diagonal operators Ni for i = 
1, • • • ,n — 1 into a 2n-bracket with the n mutually commuting Nj for j = 1, - ■ ■ ,n 
to find 


[/j -^Ij -^ 12 , N2, N23, • ■ • , Nn-l, Nn-1 n, Nn] — fi." ^ {[/, N] , N12, N23, ' ’ ' , Nn -1 n} 

Here we have used a fully symmetrized Jordan operator product mi as generalized 
by Kurosh 


{Hi, H 2 , • • • , Hfe} — ^ ^ Hp2 ■ ■ ■ Hpj, . 

all k\ perms {pi,P 2 ?'" ^Pk} 
of the indices ,fc} 

This was introduced by Pascual Jordan, in the bilinear form, to render non-Abelian 
algebras into Abelian algebras at the expense of non-associativity. We have also 
used the fully antisymmetrized Nambu operator product, or QNB m, 

[Hi, H 2 , • • • , Hfe] = ^ (—1) HpjHp2 • ■ • Hpj^ . 

all k\ perms {pi,P 2 r" iPfc} 
of the indices ,/c} 


The non-diagonal operators W i+i do not all commute among themselves, nor with 
all the Nj, but their non-Abelian properties are encountered in the above Jordan 
and Nambu products in a rather minimal way. Only adjacent entries in the list 
A^ 12 , N 23 , N 34 , • ■ • , Nn -1 n fail to commute. Also in the list of 2n — 1 generators 
within the original QNB, each Nj fails to commute only with the adjacent Nj-ij 
and Nj j+i. Such a list of invariants constitutes a “Hamiltonian path” through the 
algebra®. 

Proof of the Oscillator Theorem: Linearity in each argument and total 
antisymmetry of the Nambu bracket allow us to replace any one of the W by the 
sum N. We choose to replace Nn N, hence to obtain 


[f,Ni,Ni2,N2,--- ,Nn-l,Nn-ln,Nn] = [f, Ni, N 12 , N 2 r", Nn-1, Nn-1 n , N] ■ 

Now since [N, Wj] = 0, the commutator resolution of the 2n-bracket implies that 
N must appear “locked” in a commutator with /, and therefore / cannot appear 
in any other commutator. But then Ni commutes with all the remaining free Nij 
except A^i 2 . So Ni must be locked in [W, A^ 12 ]- Continuing in this way, N 2 must 
be locked in [fV 2 , A^ 23 ], etc., until finally Nn-i is locked in [A^„_i,7V„_i „]. Thus 


^There are other Hamiltonian paths through the algebra. A different set of 2n — 1 
invariants which leads to an equivalent theorem can be obtained just by taking an arbi¬ 
trarily ordered list of the mutually commuting Ni, and then intercalating non-diagonal gen¬ 
erators to match adjacent indices on the Ni. That is, for any permutation of the in- 


dices {pi, - ■ ■ ,Pn}, we have: [/, Wi > ^piP 2 > 


,N, 


{[/, N],W 


,Nn 


Pn-1 1 ^Pn 


Pn ? ^Pn 

d.N] . 
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all 2n entries have been paired and locked in the indicated n commutators, i.e. 
they are all “zipped-up”. Moreover, these n commutators can and will appear as 
products ordered in all n! possible ways with coefficients +1 since interchanging a 
pair of commutators requires interchanging two pairs of the original entries in the 
bracket. Thus we conclude 

[/,iVi,iVi2,iV2,-- - ={[/,N],[iVi,iVi2,],-- - ,K_i,iV„_i„]} . 

Now all the paired Nij commutators evaluate as [Ni-i, Ni-n] = hNi-n, so we 
have 

[/,iVi,Ni2,iV2,--- =r-i{[/,N],iVi2,--- . 

Finally the commutator with N may be performed either before or after the Jordan 
product of / with all the Ni_i j, since again [N,iVij] = 0. Hence 

{[/,N],iVi2,---,fV„_i„} = [{/,fVi2,---,iV„_i„},N] . ■ 

The oscillator theorem is a remarkable relation. The invariants which are 
in involution (i.e. the Cartan subalgebra of u(n)) are separated out of the QNB 
into a single commutator involving their sum, hence H/ijj, to yield a time deriv¬ 
ative, while the invariants which do not commute (n — 1 of them, corresponding 
in number to the rank of su(n)) are swept into a Jordan product. As in the 
N-sphere examples, this helps to clarify why the Leibniz rules fail when time evo¬ 
lution is expressed using QNBs. As is fairly well-known, evolution under the QNB 
does not satisfy the trivial Leibniz property: [fg, A^i, A^i 2 , A^ 2 , • ■ ■ , A^n-i n, A^n] ^ 
f [g, iVi, fVi 2 , N 2 ,--- , Nn-i n, N„] + [/, A^I, A^i 2 , N 2 ,--- , A’n-i n, N„] g. But here 
the failure of this Leibniz rule for the Nambu bracket has been linked to the inter¬ 
vention of a generalized Jordan product involving non-commuting invariants. 
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